Abstract. We show global well-posedness in energy norm of the semi-relativistic Schrödinger-Poisson system of equations with attractive Coulomb interaction in R 3 in the presence of pseudorelativistic diffusion. We also discuss sufficient conditions to have well-posedness in L 2 . In the absence of dissipation, we show that the solution corresponding to an initial condition with negative energy blows up in finite time, which is as expected, since the nonlinearity is critical.
Introduction and heuristic discussion
The main purpose of this work is to show for solutions to the semirelativistic Schrödinger-Poisson system with attractive Coulomb interaction that an arbitrarily small pseudo-relativistic diffusion term arrests blow up. This system describes the mean-field dynamics of interacting bosons in a mixed state, see [4] . For a discussion about the mathematical properties of the pseudo-relativistic diffusion term, see [8, 18] , and [6] for a physical discussion. The special case when the bosons are in a pure state yields the semi-relativistic Hartree equation, whose well-posedness and blow up has been studied in [14, 11, 9] .
For attractive Coulomb interaction, and in the absence of dissipation, the global well-posedness in energy space for small initial data in L 2 -norm follows from Theorem 1.1 in [3] , see also [1, 2] . Due to the criticality of the attractive nonlinearity, the solution is expected to blow up in finite time in energy space. Here, we show that this is indeed the case for initial data with negative energy and in the absence of dissipation; however, pseudo-relativistic diffusion arrests the blow up.
We note that there has been a substantial amount of work on the effects of dissipation on blow up of solutions for the nonrelativistic nonlinear Schrödinger (NLS) equation in recent years. In [17] , it is shown that when linear or nonlinear dissipative terms are incorporated in the focusing cubic NLS equation in two spatial dimensions, the equation becomes globally well-posed in H 1 (R 2 ). The effect of dissipation is also studied numerically in [10] for the critical and supercritical NLS equation with the nonlinear dissipation. In paper [5] the authors show the global well-posedness for the cubic NLS with nonlinear damping when the external quadratic confining potential is present. Our analysis can be viewed as a generalization of some of these results to a semirelativistic system with infnitely coupled NLS equations. The analysis below can also be applied to study arrest of collapse for semi-relativistic Hartree-Fock, see [12] where blowup in absence of dissipation is studied.
The organization of this note is as follows. In section 2, we describe our model and state the main result. In section 3, we prove local and then global well-posedness of the Schrödinger-Poisson system of equations in the presence of dissipation. Finally, in section 4, we prove that the solution blows up in energy space in the absence of dissipation and for suitable initial conditions.
Notation.
• A B means that there exists a positive constant C such that A ≤ C B. Moreover, A ∼ B means A B and B A.
We will often use the abbreviated notation 
• For fixed λ ∈ l 1 , λ k > 0, and for sequences of functions Φ := {φ k } k∈N and Ψ := {ψ k } k∈N , we define the inner product
The corresponding Hilbert space is L 2 .
• For fixed λ ∈ l 1 , λ k > 0,
The model and main results
In this article, we study the global Cauchy problem for the semirelativistic Schrödinger-Poisson system in the presence of linear dissipation. For s ≥ 0, we define the state space for the Schrödinger-Poisson system by
For Ψ(t, x) = {ψ k (t, x)} k≥1 , the Schrödinger-Poisson system of equations, which is a system of infinitely coupled nonlinear equations, is given by (2.1)
where t ≥ 0, x ∈ R 3 , m, ǫ ≥ 0, and α ≥ 1 2 . Note that the nonlinear potential is focusing and is given by
To explain the role of the coefficients {λ k } k∈N , we note that the Schrödinger-Poisson system is equivalent to the Heisenberg equations
for the density matrices
with initial data γ 0 , provided that the sequence {λ} k∈N is independent of t. Here, ρ(t, x) := γ(t, x, x), and {A, B} := AB + BA denotes the anticommutator.
We note that while our work is formulated for the state space S s characterized by infinite sequences {λ} k∈N , where λ k > 0, one can easily accommodate vanishing coefficients (λ k = 0 for some values of k) or the finite rank case (where λ k = 0 for all k larger than some K ∈ N) either through restriction to the subspace spanned by the nonvanishing coefficients, or by a density argument.
The following is our first main result about the global Cauchy problem in the presence of pseudo-relativistic diffusion. and (Ψ(0), λ) ∈ S 0 , then there is a unique mild solution
We now discuss the blow up of the solution in the absence of dissipation. When ǫ = 0, the energy functional associated with the semirelativistic Schrödinger-Poisson system without dissipation,
is conserved, see Remark 3.3. We have the following result for blow up of a spherically symmetric solution.
Theorem 2.2. Consider the system of equations (2.1)-(2.3) with focusing nonlinearity and in absence of dissipation, ǫ = 0. Suppose that
, and
Then there exists a finite positive time τ * , such that
3. Well-posedness in the presence of dissipation 3.1. Local well-posedness. Note first that for t ≥ 0,
. Furthermore, the nonlinearity is locally Lipschitz in
. Using a standard contraction map argument, one can show local well-posedness of the Schrödinger-Poisson system of equations with linear dissipation. 
Remark 3.2. It follows from (2.1) and local well-posedness that in the absence of dissipation (ǫ = 0),
and ǫ = 0, the energy E(Ψ(t)) given by (2.4) is conserved. Formally, this follows from taking the L 2 -inner product of ∂ t Ψ(t) and right-hand-side of (2.1). To make the argument precise, one applies a standard regularization argument using Proof. Note that the nonlinearity
This inequality follows from Lemma 2.1 in [3] , where this property is proven for more general nonlinearities. For the sake of completeness, we briefly sketch the proof. From the Minkowski inequality,
We begin by estimating the first term on the right.
Here, we used the Minkowski inequality in the first line, fractional Leibniz rule (Lemma 4.4 in the Appendix) in the second line, Hölder's inequality, fractional integration (Lemma 4.5 in the Appendix), Lemma 4.6 in the Appendix, and Sobolev embedding H
Now (3.1) follows from inequalities (3.2), (3.3) and (3.4).
Given ρ, T > 0, consider the Banach space
which is a contraction semigroup. We define the mapping N by
which is the solution for the semi-relativistic Schrödinger-Poisson system of equations given by the Duhamel formula. We show that N is a mapping from
It follows from the last inequality and the Duhamel formula that
Since the nonlinearity is locally Lipschitz, N is a contraction map for sufficiently small T,
Local well-posedness together with blow-up alternative follows from a standard contraction mapping argument, see for example, [7] .
When ǫ > 0 and α > 1 2 , we have a stronger result owing to time decay due the fractional dissipative operator ǫ(−∆) α . 
Proof. The proof relies on Strichartz type estimates for fractional Laplacian, see Lemma 4.8, and a standard contraction mapping argument. Let U(t) = e −it √ −∆+m 2 and S α (t) = e −ǫt(−∆) α . Note that U(t) is a unitary operator, and S α (t), t ≥ 0, is contraction semigroup on H s , s ≥ 0, that commutes with U(t).
We define the mapping N by
whose fixed point is the solution for the semi-relativistic Schrödinger-Poisson system of equations given by the Duhamel formula. Given ρ, T > 0, consider the Banach space
It follows from Parseval's theorem and the fact that e −ǫt|k| α 2 ≤ 1 that 
Here, we used the space-time estimate in the third line, Hölder inequality in the fourth line, and fractional integration (Lemma 4.5) in the fifth line. It follows that
Substituting estimates (3.6) and (3.7) in (3.5) yields
With Ψ(0) given, we choose T and ρ such that
. It follows from the last inequality and the Duhamel formula that
We now show that N is a contraction mapping on C T,ρ for sufficiently small T.
Using a Strichartz estimate and property of fractional integral operator as above, follows from a standard contraction mapping argument.
3.2.
Global well-posedness. We now show global well-posedness in the presence of pseudo-relativistic diffusion, i.e., ǫ > 0 in (2.1). We start by estimating the rate of change of the L 2 norm.
Lemma 3.5. Suppose the hypotheses of Theorem 2.1 hold. Then, for t ∈ (0, τ * ), where τ * is the maximal time appearing in Proposition 3.1,
In particular,
where
Proof. It follows from (2.1) and Proposition 3.1
Integrating both sides of the equality yields the claim of the lemma.
This suffices to show global well-posedness in L 2 when α > 1 2
. When α = 1 2 , we control the rate of growth of the H 1 2 norm of the solution in the presence of dissipation. Lemma 3.6. Suppose the hypotheses of (ii) Theorem 2.1 hold. Then, for t ∈ (0, τ * ), where τ * is the maximal time appearing in Proposition 3.1,
where C Ψ(0) is a positive constant that depends Ψ(0) L 2 and that is independent of ǫ.
Proof. It follows from Lemma 3.5 that
where C Ψ(0) is a positive constant that depends on Ψ(0) L 2 .
For δ > 0, it follows from (2.1) that
where the contant C is independent of δ > 0. Integrating both sides yields
ds.
The right-hand-side is independent of δ. Taking δ → 0
it follows from the last inequality (3.11) that
where C Ψ(0) is a positive constant that depends on Ψ(0) L 2 . Using Gronwall's Lemma, we have
ds . Now, (3.10) and (3.12) yield
for some constant C Ψ(0) that depends on Ψ(0) L 2 and that is independent of ǫ.
Proof of Theorem 2.1. When α > , claim (i) follows from Proposition 3.4 and Lemma 3.5.
When α = , claim (ii) follows from Proposition 3.1 and Lemma 3.6.
Blow-up in the absence of dissipation
In this section, we prove Theorem 2.2 in the absence of dissipation (ǫ = 0). This is an extension of the analysis in [11] to the case of infinitely coupled semi-relativistic NLS equations. Throughout this section, we assume that the hypotheses of Theorem 2.2.
Propagation of Moments.
It follows from local well-posedness ψ k L 2 , k ∈ N, is a conserved quantity when ǫ = 0. In this subsection, we show that under the hypotheses of Theorem 2.2 |x|
Lemma 4.1. Consider the system of equations (2.1)-(2.3) with ǫ = 0,
In the case j = 1, it follows from Lemma 4.7 and the fact that
with upper bound C 1 which is finite and independent ofǫ, that
where C 2 is finite and independent of ǫ. It follows that
Taking the limitǫ → 0 yields the claim for j = 1.
In the case j = 2, note that
where p = −i∇ is the momentum operator. 
where the implicit constant on the right-hand-side is independent of ǫ. Substituting in (4.1) with j = 2 yields
where all the constants are independent ofǫ. Taking the limitǫ → 0 yields the claim for j = 2.
4.2.
Variance-type estimate. We define the operators
and the dilation operator
Note that the M ≥ 0. We have the following result that relates the rate of change of the expectation value of M and the expectation value of A.
Lemma 4.2. Suppose that the hypotheses of Theorem 2.2 hold. Then, for t ∈ (0, τ * ),
Proof. The canonical commutation relation yields
Since |x|
Therefore,
where ψ k is spherically symmetric. It follows from Newton's Theorem that
where we used conservation of charge (Remark 3.2) in the last equality. Using the explicit formula
we have
It follows from (2.1), (4.2), (4.3) and (4.4) that
where 
4.5. Fractional differentiation and fractional integral operators. The following result about the fractional Leibniz rule can be found in [13] .
The second result is about inequality involving fractional integral operators, which can be found, for example, in [19] .
Lemma 4.5. Let I γ , for 0 < γ < n, be the fractional integral operator
In the analysis above, n = 3 and α = 2. We also recall the following useful Hardy-type inequality.
Lemma 4.6. Let 0 < γ < n. Then,
The following result follows from Calderón-Zygmund theory for singular operators, see [19] , VII. Lemma 4.7. Suppose that f is locally integrable and ∇f ∈ L ∞ (R 3 ) as a vector-valued function. Then, for δ ≥ 0,
where C is independent of δ.
4.6. Strichartz estimates for fractional Laplacian. We finally recall results about Strichartz estimates for the fractional Laplacian, see [16] , and also [15] . Let S α (t) = e −t(−∆) α , where t ≥ 0, α ∈ (0, ∞) and ∆ is the Laplacian in R n . Then the kernel of S α is K t (x) = F −1 [e −t|k| 2α ], where F −1 stands for the inverse Fourier transform. It is a bounded linear operator on L p (R n ). Furthermore, it follows from the scaling properties of the kernel and Young's inequality that, if f ∈ L r (R n ), r ≥ 1, (4.7) (−∆) , n > 2α ∞, n ≤ 2α .
We have the following space-time estimate, which is a slight generalization of a result in [16] where ν = 0 to the case ν ≥ 0. 
.
